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Abstract
Global aspects of Scherk-Schwarz dimensional reduction are discussed and it is
shown that it can usually be viewed as arising from a compactification on the com-
pact space obtained by identifying a (possibly non-compact) group manifold G under a
discrete subgroup Γ, followed by a truncation. This allows a generalisation of Scherk-
Schwarz reductions to string theory or M-theory as compactifications on G/Γ, but only
in those cases in which there is a suitable discrete subgroup of G. We analyse such
compactifications with flux and investigate the gauge symmetry and its spontaneous
breaking. We discuss the covariance under O(d, d), where d is the dimension of the
group G, and the relation to reductions with duality twists. The compactified the-
ories promote a subgroup of the O(d, d) that would arise from a toroidal reduction
to a gauge symmetry, and we discuss the interplay between the gauge symmetry and
the O(d, d,Z) T-duality group, suggesting the role that T-duality should play in such
compactifications.
Email: c.hull@imperial.ac.uk, r.reid-edwards@imperial.ac.uk
1 Introduction
In [1], Scherk and Schwarz proposed two related forms of dimensional reduction of field
theories, both of which led to non-abelian gauge symmetries, a scalar potential and mass
terms. Somewhat confusingly, both have been referred to as Scherk-Schwarz reductions in
the literature. In one type, a theory with a global duality symmetry is reduced on a circle
or torus with a duality twist or monodromy around each circle. Following [2], we will refer
to these as reductions with a duality twist.
In the other type of reduction introduced in [1], the dependence of fields on the internal
coordinates yi is through a matrix σim(y), so that for example the internal components of the
metric gij(x, y) lead to scalar fields φmn depending only on the remaining external coordinates
x through the ansatz
gij(x, y) = φmn(x)σ
m
i (y)σ
n
j (y) (1.1)
where σmi (y) is the inverse of σ
i
m(y). This leads to a reduced theory in which the y-dependence
drops out completely provided the matrices σim(y) satisfy the constraint that the coefficients
fmnp = −σinσjp(∂iσmj − ∂jσmi ) (1.2)
are constant. Then the one-forms σm = σmi (y)dy
i satisfy the structure equation
dσm +
1
2
fmnpσ
n ∧ σp = 0 (1.3)
and the integrability condition for this is that the constants fmnp satisfy the Jacobi identity
and so are the structure constants for a Lie group G. In (1.1), the ansatz gij(x, y) = φij(x)
that would be used for a toroidal reduction is ‘twisted’ by the matrices σim(y) and so the
reduction is sometimes referred to as reduction on a ‘twisted torus’, and we will use this
terminology here. However, we will be particularly interested in the global structure and
we will see that although the internal space looks like a torus locally, the global structure
can be quite different, and so this terminology can be rather misleading. In many standard
cases, such as those discussed in section 3, the internal space is in fact a torus bundle over a
circle or torus, so that the name is appropriate, but other examples include those in which
the internal space is a compact group manifold, so that the internal space is very different
from a torus, twisted or otherwise.
We will be interested here in flux compactifications in which the (p+1)-form field strength
Ĝ for a p-form gauge field has a flux of the form
1
(p+ 1)!
Kmn...p+1σ
m ∧ σn ∧ .... ∧ σp+1 + . . . (1.4)
where Km1m1...mp+1 are constant coefficients, satisfying constraints that ensure that this form
is closed.
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In [1], reductions with duality twists arose as particular examples of reductions on twisted
tori, but this is not true in general, as will be discussed below. The reductions of [1] are of
field theories such as supergravities, with a truncation to a lower-dimensional field theory
that is independent of the extra coordinates y. An important feature is that both kinds
of Scherk-Schwarz reductions allow consistent truncations [3, 4, 5, 6], in the sense that it
is consistent with the full higher-dimensional field equations to set all the massive Kaluza-
Klein modes to zero while keeping a finite number of light or massless fields non-zero (this
is not true for generic compactifications; for example, Calabi-Yau compactifications are not
consistent in this sense).
A key question is whether such reductions can be extended to the full Kaluza-Klein
theory or string theory in a way that gives sensible lower-dimensional physics with a mass-
gap. This is a non-trivial question as there are many cases where such extensions do not
work. For example, there are gauged supergravities with non-compact gauge group whose lift
to higher dimensions is to a background with non-compact ‘internal’ space [7]. In such cases,
there can be a consistent truncation to a lower-dimensional supergravity, but if the Kaluza-
Klein spectrum of modes depending on the internal coordinates are included, one finds a
continuous spectrum without mass gap, so that the theory cannot be properly regarded as a
lower-dimensional theory at all, but is best interpreted in the full higher-dimensional space-
time [8, 9, 10]. As the gauge groups arising from Scherk-Schwarz reductions are typically
non-compact, there is a danger that the full lift of a Scherk-Schwarz reduction could be to
such a ‘non-compactification’. If a reduction scheme can be regarded as a compactification
on a compact internal space, then it can be extended to the full Kaluza-Klein theory or
string theory with a mass gap. It is to this question of whether Scherk-Schwarz reductions
can be viewed as reductions on compact spaces that we now turn.
Consider first the reduction on the twisted torus. The simplest way of realising this is if
the internal manifold is the group manifold of G with σm the left-invariant Maurer-Cartan
forms, which automatically satisfy (1.3). For compact groups, this of course leads to a
compactification, although the reduction ansatz is not the usual one. For a non-compact
group, the internal group manifold is non-compact, but one can still consistently truncate
to the light sector that is independent of the internal group-manifold coordinates, recovering
the lower-dimensional field theory of the Scherk-Schwarz reduction. However, in this case
there would be no mass-gap and so no satisfactory way of extending to the full theory.
As was pointed out in [1], the group G being non-compact does not necessarily imply that
the internal manifold is non-compact, so that it is possible for the internal space to be
compact so that there is a mass-gap and a well-defined Kaluza-Klein reduction. For non-
compact groups, if the internal space is compact, then it cannot be the group manifold.
Nonetheless, for the reduction to be well-defined, the matrices σim(y) should exist globally
on the internal manifold, so that there are globally defined one-forms σm. This implies that
the internal manifold is parallelisable, and so locally must be a group manifold. Thus the
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internal manifold must be a group manifold identified under the action of some freely acting
discrete group Γ. The group manifold admits a natural left action GL and a right action GR,
but only the left action preserves the one-forms σm appearing in the ansatz, so the discrete
group Γ must be a subgroup of GL. Then the internal space must be of the form G/Γ for
some discrete left-acting Γ ⊂ GL, and we are particularly interested in the cases in which
Γ can be chosen so that G/Γ is compact. Such a Γ is said to be cocompact, and not all
groups have cocompact discrete subgroups. Groups without a cocompact discrete subgroup
give Scherk-Schwarz reductions of supergravity that cannot be extended to compactifications
of string theory in this way. Note that in general Γ need not be unique, and we can also
consider discrete quotients G/Γ for compact G.
One of the aims of this paper is to study reductions on twisted tori from the global
viewpoint, showing that they can be regarded as dimensional reductions on compact internal
spaces of the form G/Γ (when Γ can be chosen so that G/Γ is compact) and so can be extended
to string theory. There has been much interest in applying Scherk-Schwarz-type reductions
to supergravity (including [2,11-25]) and to string theory (including [2, 24, 26, 27, 28, 29]),
but there are important issues as to how to properly define the full string theory (as opposed
to its supergravity limit). Regarding the reduction as a compactification on G/Γ allows a
proper definition of the full string theory. It is important that the ansatz for the metric,
gauge fields and fluxes of the background is invariant under rigid GL, so that one can identify
under a discrete subgroup of GL.
Identifying the theory under the action of a discrete subgroup of the isometry group
will break part of the isometry symmetry, and so affect the gauge symmetry of the reduced
theory. There has been some confusion in the literature as to the way that gauge symmetry
works in these compactifications, and our viewpoint clarifies some of the issues involved. We
give a careful treatment of the gauge symmetry, and its breaking.
The simplest case is that in which the internal space is the group manifold for a compact
group G. The conventional Kaluza-Klein ansatz for compactification on the group manifold
introduces gauge fields for GL×GR and has GL×GR local gauge symmetry. The ground state
in which the internal metric is the bi-invariant Killing metric δmnσ
m
i (y)σ
n
j (y) has isometry
GL × GR and so preserves the full gauge group. The Scherk-Schwarz ansatz for the same
compact group manifold is a truncation of this to the sector invariant under GL and only
has gauge fields for GR. This ansatz is invariant under local GR transformations but only
under rigid GL transformations, and the Killing metric gives a vacuum preserving all these
symmetries. The conventional GL × GR ansatz does not allow a consistent truncation, but
the Scherk-Schwarz one does. Since only invariance under GL is required, a more general
ansatz for the ground state metric with gij = φmnσ
m
i (y)σ
n
j (y) for any positive definite matrix
φmn is permissable, and this breaks GR to the subgroup preserving this background value for
the scalars φmn.
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Consider now the case of non-compact G. In order to be able to factor by a discrete
subgroup of GL, one must use the Scherk-Schwarz ansatz which is invariant under rigid GL
symmetry, and the resulting theory has GR gauge symmetry, but the identification under
Γ breaks the GL symmetry. The space G/Γ still has an action of GR, with infinitesimal
transformations given by well-defined vector fields on G/Γ, and introducing gauge fields in
the adjoint of G gives a theory with local GR symmetry. However, this non-compact gauge
symmetry is necessarily non-linearly realised and so is broken to a linearly realised compact
subgroup. (A non-compact symmetry can have no unitary representation on a finite number
of fields, and so must be non-linearly realised.) The scalar fields φmn define a positive definite
metric on the internal space, and the expectation value of this for any ground state will not in
general be invariant under the full non-compact GR symmetry but will spontaneously break
this to a subgroup.
We turn now to consider reductions with duality twists, and their implementation in
string theory. A theory in D+1 dimensions with a global symmetry G is reduced on a circle
with the dependence of fields Ψ(x, y) (in some representation of G) on the circle coordinate y
given by a y-dependent G transformation Ψ(x, y) = exp(My)ψ(x) where M is a generator of
G in the appropriate representation. However, in the full theory in which all massive modes
are kept, G is typically broken to a discrete subgroup G(Z).
For the reduction with duality twist, on going round the circle, y → y + 2π there is a
monodromy M = exp(2πM). In order for Ψ(x, y + 2π) = MΨ(x, y) to be well-defined,
the monodromy M must be in the symmetry group G(Z) [30]. However, if only G(Z) is a
symmetry of the full theory, it is not immediately clear how to extend the continuous action
of G that is needed in the ansatz from the low-energy sector to the full theory with massive
modes and only G(Z) symmetry, and care is needed in the full definition of the theory. For
the case of the toroidal reduction on T d followed by a reduction on a circle with a Gl(d,Z)
twist, this was resolved in [26]. There it was shown that the reduction can be viewed as a
reduction on a d+ 1-dimensional compact space that is a T d bundle over a circle. As this is
a compactification, it can be used in string theory. Moreover, this compact space is locally
a group manifold for a non-semi-simple lie group, as we shall show in section 3. Then the
torus bundle is locally the group manifold for a group G, and globally is of the form G/Γ for
a discrete subgroup Γ, and so this is a reduction on a twisted torus. In this case, the twisted
torus is a torus bundle over a circle, so that in this case it is actually a topological twisting
of a torus.
In this example, the twist is by a duality group that has a geometric realisation in the
higher dimensional space – in this case GL(Z) is the group of large diffeomorphisms of T d.
However, the T-duality or U-duality groups that arise in string theory have many elements
that are not geometric in this sense, and such non-geometric twists have been considered
in [2, 31]. In such cases, there is not in general any way of realising such reductions as
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reductions on a geometric background, and these cannot be realised as reductions on twisted
tori, and any such lift would lead to what might be called a non-geometric background; such
backgrounds have been discussed in [32, 33]. For such duality twist reductions corresponding
to non-geometric backgrounds, one needs to check that these really are consistent string
backgrounds. However, in some cases, these can be realised as ‘compactifications’ of F-
theory (or one of its generalisations) on a twisted torus [26]. Here, we will restrict ourselves
to geometric backgrounds that can be realised as twisted tori.
In this paper, we will consider generalised Scherk-Schwarz compactifications on d-dimensional
twisted tori G/Γ with flux for the 3-form field strength H (the NS-NS 3-form in type II or
heterotic superstring theory); other fluxes will be considered elsewhere. The flux will be
taken to be of the form
K =
1
6
Kmnpσ
m ∧ σn ∧ σp (1.5)
for some constant coefficients Kmnp and so is manifestly invariant under GL. The gauge group
contains the isometry group G with d gauge generators Zm corresponding to the Killing
vectors of the internal space. For string theory, there are, as we shall see, an additional
d generators Xm associated with the gauge fields arising from the reduction of the 2-form
gauge field, and the structure constants of the 2d dimensional gauge group generated by
(Zm, X
m) depend on the 3-form flux. It was shown in [15] that the final theory has an
elegant formulation that is covariant under the action of O(d, d), with the gauge generators
(Zm, X
m) combining to form a vector of O(d, d), and manifestly invariant under the gauge
group G, which can be viewed as a subgroup of O(d, d). Indeed, the low energy field theory
can be thought of as arising from a gauging of a subgroup of the O(d, d) symmetry that
would arise in a torus reduction. For the heterotic string, the O(d, d) symmetry is contained
in O(d, d + 16) while for type II strings it is contained in the U-duality group. We review
the construction of [15] for the common sector of the type II and heterotic theories, focusing
on the O(d, d) subgroup of the full symmetry.
In [6], the case of compact G was considered and there it was found that field redefinitions
simplified the structure of the theory, so that the resulting gauge algebra G simplified to the
semi-direct product of G with U(1)d. We find that in the non-compact case, such redefinitions
are not possible in general, and the presence of flux necessarily leads to non-trivial structure
of the gauge group G.
The structure of the paper is a follows. In section 2 we discuss the global structure of
twisted torus reductions, showing that they are reductions on discrete quotients of group
manifolds. In section 3 we discuss reductions with duality twists and show that they are
twisted torus compactifications when the duality symmetry is of geometrical origin. In
section 4 we discuss dimensional reduction on twisted tori with fluxes and in section 5 apply
this to string theory, and discuss the gauge symmetry and O(d, d) covariance that were found
by Kaloper and Myers [15]. In Section 6 we analyse the breaking of the gauge symmetry.
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The final section discusses the generalisations of our results to M-theory compactifications,
and addresses the role of the O(d, d) covariance. On the one hand, a subgroup of the O(d, d)
symmetry of the toroidal reduction of the low-energy field theory has been promoted to a
gauge symmetry, but in the full string theory one expects the O(d, d) symmetry to be broken
to a discrete T-duality subgroup, so that the issue of whether a subgroup of O(d, d) can be
gauged in the full string theory arises. We resolve the issue of the relation between the
discrete symmetry and the local gauge symmetry, and discuss the status of T-duality in such
compactifications.
2 Twisted Tori and Group Manifolds
In this section we review Scherk-Schwarz reduction of field theory and show that in many
cases it can be viewed as a compactification on a compact twisted torus, and so can be
extended to string theory.
2.1 Scherk-Schwarz Reduction
We shall consider Scherk-Schwarz dimensional reduction [1] in which the internal space is a
d dimensional manifold X with coordinates yi and a basis of nowhere-vanishing one-forms
σm specified by a vielbein σi
m(y)
σm = σi
m(y)dyi (2.1)
In the ansatz of [1], the internal components Tij...k of a tensor field TMN...P are taken to have
y dependence given only by the frame fields
Tij...k(x, y) = Tmn...p(x)σi
mσj
n...σk
p (2.2)
defining scalar fields Tmn...p(x) in the reduced theory, so that for example the internal metric
takes the form (1.1). The frame fields satisfy the structure equation
dσm +
1
2
fmnpσ
n ∧ σp = 0 (2.3)
where the coefficients fmnp are the structure constants for some Lie group G, satisfying the
Jacobi identity
f q[mnf
t
p]q = 0 (2.4)
Such manifolds X are sometimes referred to as twisted tori in the cases in which the coordi-
nates yi satisfy periodicity conditions, and the matrix σi
m(y) can be thought of as defining
the twisting of the frames with respect to the coordinate basis. The structure equation im-
plies that X is locally isomorphic to the group manifold G, but this need not be true globally;
in general, X = G/Γ where Γ is a discrete subgroup of G, and X can be compact even if G is
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non-compact. Then Scherk-Schwarz reduction can be viewed as compactification on a group
manifold or X = G/Γ (if this is compact). Note that in general G/Γ will not be a group
manifold.
2.2 Compact Groups
The simplest case is that in which X is the group manifold for a compact group G, with
σm the left-invariant Maurer-Cartan one-forms, so that if tm are Lie algebra generators
σmtm = g
−1dg for some g ∈ G. It will be useful to introduce the Cartan-Killing metric for G
given by ηmn =
1
2
f qmpf
p
nq (which is proportional to δmn for compact G). Then the metric
ds2 = ηmnσ
mσn (2.5)
is invariant under the isometry group GL × GR, where GL is the left action g → kLg and GR
is the right action g → gkR for kL, kR ∈ G. The inverse vielbein σim can be used to define
the left-invariant vector fields
Zm = σ
i
m
∂
∂yi
(2.6)
with Lie bracket
[Zm, Zn] = f
p
mnZp (2.7)
There are also right-invariant one-forms σ˜m with σ˜mtm = dgg
−1 satisfying
dσ˜m − 1
2
fmnpσ˜
n ∧ σ˜p = 0 (2.8)
and right-invariant vector fields Z˜m given by
Z˜m = σ˜
i
m
∂
∂yi
(2.9)
The Killing vectors Zm generate GR which leaves σ˜m invariant while the Killing vectors Z˜m
generate GL which leaves σm invariant.
A conventional Kaluza-Klein reduction on a group manifold would take the bi-invariant
metric (2.5) as the vacuum and would introduce Kaluza-Klein gauge fields for the full isom-
etry group GL × GR. The gauge group for the dimensionally reduced theory would then be
GL × GR with vector fields Amµ for GR and A˜mµ for GL. The coordinates of the spacetime are
{xµ, yi} where xµ are the coordinates of the uncompactified part of spacetime. However, for
generic theories there is no consistent truncation to a dimensionally reduced theory with a
finite number of fields and it is necessary to keep the full Kaluza-Klein tower of states [4].
This can be easily seen from the Einstein equations for the metric gµν , the right-hand-side
of which includes a term (Zm · Z˜n)FmµρF˜ nρν where Fmµν and F˜mµν are the field strengths of Amµ
and A˜mµ respectively. The fact that (Zm · Z˜n) depends non-trivially on y means that gµν
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must be taken to be a function of both x and y, and a truncation to a finite set of fields
depending only on x would be inconsistent with the field equations; it is necessary to keep
all the massive Kaluza-Klein modes gNµν(x) from the expansion of gµν(x, y). However, for the
theories with a metric, 2-form and dilaton that arise in string theory, there is evidence that
there is a consistent truncation to a theory with gauge group GL × GR [5, 6].
In the Scherk-Schwarz reduction, by contrast, the ansatz introduces only Kaluza-Klein
gauge fields Amµ for the isometry group GR, and truncates the full Kaluza-Klein spectrum to
the sector of singlets under GL. This does allow a consistent truncation to a finite number
of fields, as the Einstein equations now only involve source terms such as (Zm · Zn)FmµρF nρν
and the fact that (Zm ·Zn) = ηmn is independent of y allows a truncation to a metric gµν(x)
that is independent of y. The ansatz for the metric is
ds2D = e
2αϕgµνdx
µdxν + e2βϕgmnν
mνn (2.10)
where the one-forms νm are
νm = σm − Am (2.11)
and α, β are constants. Dimensional reduction gives rise to a metric gµν(x), d Kaluza-
Klein one-form gauge fields Amµ (x), and d(d + 1)/2 scalars ϕ(x) and gmn(x), where gmn(x)
is a positive definite symmetric matrix with unit determinant. This ansatz is invariant
under rigid GL transformations, and under local GR transformations in which the parameters
depend on xµ and the Am transform as gauge fields, while the scalar fields gmn(x) transform
as the bi-adjoint. A vacuum in which the scalars have the expectation value g¯mn = ηmn will
be invariant under GR while any other expectation value g¯mn will break the gauge symmetry
to the subgroup preserving g¯mn.
The ansatz for antisymmetric tensor gauge fields is the most general one that is invariant
under GL, so that for a p-form potential
B̂(p) = B(p)+B(p−1)m∧νm+ 1
2!
B(p−2)mn∧νm∧νn+ ...+ 1
p!
B(0)m1m2m3...mpν
m1 ∧ ...∧νmp +̟(p)
(2.12)
where B(p) is an p-form gauge field on Md and a flux term ̟(p) is included (see section 3.2).
Again, the invariance under GL guarantees consistency [3]. We will be particularly interested
here in the case in which p = 2, in which case the reduction gives a 2-form, d vector fields
B(1)m and scalars B(0)m1m2 . The reduction of antisymmetric tensors, and the constraints
that must be imposed on the flux, will be discussed further in section 4.2.
2.3 Non-Compact Groups
Consider now the case of non-compact G, so that ηmn is no longer positive definite. If the
group is non-semi-simple, ηmn will be non-invertible. For a spacetime which is a (possi-
bly warped) product of a spacetime M and the non-compact group manifold G, then one
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can consider G as an internal space and attempt to expand in terms of modes on G, but
the resulting theory has no mass-gap in general and cannot be properly regarded as a d-
dimensional theory. Nonetheless, there is still a consistent truncation as above to a finite set
of fields in M , using the same ansatz (2.10). In this case, there is usually no GR-invariant
ground state. This is because the internal metric gmn of the ground state is required to be
positive-definite and usually there is no positive definite invariant metric for a non-compact
group. The Cartan-Killing metric is invariant but not positive-definite. For semi-simple non-
compact groups, the only invariant metric is the Cartan-Killing metric, but non-semi-simple
groups sometimes have positive invariant metrics [34]. One cannot set gmn = ηmn, and any
expectation value for gmn will break the gauge symmetry to the subgroup of GR preserving
the expectation value g¯mn.
As the ansatz (2.10),(2.12) is invariant under rigid GL transformations, one can identify
the internal space under the action of a discrete subgroup Γ of GL so that the internal space
is the left coset X = G/Γ. If the discrete subgroup is chosen so that X = G/Γ is compact,
then one can perform a compactification with this internal space and there will be a Kaluza-
Klein spectrum with a mass-gap governed by the size of X . Then X is locally isomorphic
to the group manifold G, and much of the structure will be the same. In particular, the
left-invariant one-forms σm are well-defined on X and satisfy the structure equation (2.3)
so that this is a Scherk-Schwarz compactification, and any such compactification must be
of this type. The low-energy effective physics in M only depends on the local structure of
X , and so must contain the consistent truncation of the theory on G with gauge symmetry
GR described in the previous paragraph. This must then be a consistent truncation of the
theory on G/Γ also.
Importantly, not every group G has a cocompact discrete subgroup Γ that gives a compact
space G/Γ. Only if there is such a Γ can the Scherk-Schwarz reduction and truncation of the
low-energy field theory be promoted to a Kaluza-Klein compactification or a compactification
of the field theory. If there is such a Γ, it may not be unique and compactifications on G/Γ or
G/Γ′ will give different theories that have the same effective low-energy theory. In particular,
for a compact group G, we could consider either compactification on G itself, or a quotient
G/Γ.
The right-action of GR is well-defined on the left-coset G/Γ, so that the vector fields Zm
that generate this action are well-defined on the quotient space. For any given expectation
value g¯mn of the internal metric, only a subset of the Zm will be Killing vectors, and the
gauge symmetry is spontaneously broken to the compact subgroup of GR generated by the
Zm which are Killing vectors for g¯mn. The compactified theory has local gauge symmetry
under the full non-compact gauge group GR, even though there are no vacua with a full set
of Killing vectors Zm generating GR, and this is always broken to a compact subgroup in any
solution.
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3 Reductions With Duality Twists
3.1 Geometric Twists
In this section we discuss reductions with duality twists and show that in a large class of
cases they are equivalent to compactifications on twisted tori.
Consider aD+d+1 dimensional field theory coupled to gravity. We reduce the theory on a
d-dimensional torus T d, with real coordinates za ∼ za+1 where a = 1, 2...d. This produces a
theory in D+1 dimensions with scalar fields that include those in the coset GL(d,R)/SO(d)
arising from the torus moduli. Truncating to the za independent zero mode sector, this
theory has a global G symmetry that contains the GL(d,R) arising from diffeomorphisms
of the torus, while in the full Kaluza-Klein theory this is broken to the GL(d,Z) that acts
as large diffeomorphisms on the d-torus. In string theory G is typically broken to a discrete
subgroup G(Z). For supergravity theories with sufficient supersymmetry, the full set of scalar
fields typically take values in the coset G/K, where K ⊂ G is the maximal compact subgroup
of G. We denote the action of G on fields ψ of the reduced theory in some representation of
G as ψ → γ[ψ].
We reduce toD dimensions on a further circle with periodic coordinate y ∼ y+1, twisting
the fields over the circle by an element of G using the ansatz [26, 24, 16, 2]
ψ(xµ, y) = γy[ψ(x
µ)] (3.1)
where xµ are the D spacetime coordinates. Consistency of the reduction requires the reduced
theory to be independent of y, which is achieved by choosing the form of γ to be
γ(y) = exp (My) (3.2)
for some mass matrix M in the Lie algebra of G. (The masses of the reduced theory are
given by the matrix M .) The map γ(y) is not periodic, but has monodromy M(γ) =
γ(0)γ(1)−1 = eM in G. The physically distinct reductions are classified by the conjugacy
class of the monodromy [26].
We now focus on the case in which the monodromy is in the geometrical GL(d,R) sub-
group of G. If it is in fact in G(Z), then the reduction is equivalent to the compactification
on a T d bundle over a circle, with monodromy M [26]. We will see that this compact space
is locally a group manifold, i.e. it is of the form G/Γ.
Let
ds2 = H(τ)abdz
adzb (3.3)
be the metric on the d-torus, depending on the moduli τ , which take values in the coset
GL(d,R)/SO(d). There is a natural action of GL(d,R) on the metric and coordinates za in
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which
Hab → (U t)acHcdUdb za → (U−1)abzb (3.4)
where U ba ∈ GL(d,R). This defines the transformation τ → τ ′ of the moduli through
Hab(τ
′) = (U t)a
cHcd(τ)U
d
b (3.5)
In the twisted reduction, we introduce dependence on the circle coordinate y through a
GL(d,R) transformation U = γ(y) where γ(y) = exp (My). This defines the y-dependence
of τ through
H(τ(y))ab = (γ(y)
t)a
cH(τ0)cdγ(y)
d
a (3.6)
for some arbitrary choice of τ0. If the monodromy is in SL(d,Z), which we now assume,
then the twisted reduction is equivalent to the reduction on a T d bundle over S1 with metric
ds2d+1 = dy
2 +H(τ(y))abdz
adzb = (σy)2 +H(τ0)abσ
aσb (3.7)
where
σy = dy σ(y)a = γ(y)abdz
b (3.8)
We now consider the group structure of this space. The forms (3.8) are globally defined
on the torus bundle, and satisfy
dσa +Mabσ
y ∧ σb = 0 (3.9)
The space is then parallelisable, and locally looks like a group manifold G with Maurer-
Cartan forms σ associated with the Lie algebra
[ta, ty] = Ma
btb, [ta, tb] = 0 (3.10)
This algebra can be represented by the (d+ 1)× (d+ 1) matrices
ty =
(
−Mab 0
0 0
)
ta =
(
0 ea
0 0
)
(3.11)
where ea is the d-dimensional column vector with a 1 in the a’th position and zeros everywhere
else. Coordinates y, za can be introduced for the group manifold, with the group element
g = g(y, za) ∈ G given by
g =
(
γ−1(y) z
0 1
)
(3.12)
Then the left-invariant Maurer-Cartan forms are given by
g−1dg =
(
−Mabσy σa
0 0
)
= σmtm (3.13)
in agreement with (3.8).
The left action of
h(α, βa) =
(
γ−1(α) β
0 1
)
(3.14)
is
g(y, za)→ h(α, βa) · g(y, za) (3.15)
and acts on the coordinates through
y → y + α za → (e−Mα)abzb + βa (3.16)
The h(α, βa) with α, βa ∈ Z can be written as
h(α, βa) =
(
M−α β
0 1
)
(3.17)
and form a discrete subgroup Γ and we can identify G under the action of Γ, so that the
coordinates y, za are subject to the identifications
y ∼ y + α za ∼ (M−α)abzb + βa (3.18)
for α, βa ∈ Z. This in general gives a compact space, and is the required twisted torus
construction.
3.2 Non-Geometric Twists and F-Theory
In some cases, the discussion of geometric twists can be extended to non-geometric twists, i.e.
twists by duality transformations that do not arise from higher-dimensional diffeomorphisms.
Consider for example the SL(2,Z) U-duality of the IIB string theory [30]. Reducing from 10
to 9 dimensions on a circle with monodromy in SL(2,Z) was investigated in [16, 17, 26, 35].
As the SL(2,Z) symmetry is not geometric, this cannot be realised as a compactification on
a twisted torus in the usual way. However, it can be realised as a ‘compactification’ of F-
theory on the twisted torus corresponding to a T 2 bundle over S1 with SL(2,Z) monodromy
[26]. Many other examples can be thought of as compactifications of F-theory [36] or its
generalisations [37]. For example, the reduction of M-theory to 7 dimensions, followed by a
reduction on a further circle with a twist by an SL(5,Z) U-duality transformation can be
viewed as a compactification of the F ′ theory of [37] on a twisted torus constructed as a T 5
bundle over S1 [26].
3.3 Examples with SL(2) Twists
We now consider the example of d = 2 in more detail. Reducing from D + 3 dimensions on
T 2, and then on a further circle with an SL(2,Z) twist is equivalent to reducing on a T 2
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bundle over S1 [26] with monodromyM = eM ∈ SL(2,Z). The T 2 has moduli A, τ = τ1+iτ2
where A is the area of the torus and τ its complex structure modulus, and the metric is
H(τ) = A
1
τ2
(
1 τ1
τ1 |τ |2
)
(3.19)
There is an action of SL(2,R) under which an element g ∈ SL(2,R) given by
g =
(
a b
c d
)
ad− bc = 1 (3.20)
acts on the torus modulus as
τ → aτ + b
cτ + d
≡ γ[τ ] (3.21)
In the T 2 bundle over S1, the torus modulus τ varies with the circle coordinate y, with the
y dependence given by the SL(2,R) transformation γ(y) = exp (My), so that
τ(y) = γ(y)[τ0] (3.22)
for some fixed τ0. The metric on the bundle is then (3.7), which can be rewritten as [26]
ds2 = R2dy2 +
A
Im(τ)
|dz1 + τdz2|2 (3.23)
with τ(y) = γ(y)[τ0] and constant A.
3.3.1 Conjugacy Classes of SL(2,R) and SL(2,Z)
For the reduced theory truncated to the sector independent of the internal coordinates, the
monodromy can be in SL(2,R), and the distinct theories are classified by SL(2,R) conjugacy
classes and there are three distinct theories corresponding to the three conjugacy classes of
SL(2,R) [26]. If the massive Kaluza-Klein modes are kept, then the monodromy must be
in SL(2,Z), and there is a richer class of theories corresponding to the conjugacy classes of
SL(2,Z).
For SL(2,R) monodromy, the three conjugacy classes are the elliptic, the parabolic and
the hyperbolic classes which have |Tr(eMe)| < 2, |Tr(eMp)| = 2 and |Tr(eMh)| > 2 respec-
tively. The three conjugacy classes of SL(2,R) are
Me = UeNeU−1 Mh = UeNhU−1 Mp = UeNpU−1 (3.24)
where the mass matrices are
Np =
(
0 m
0 0
)
Nh =
(
m 0
0 −m
)
Ne =
(
0 θ
−θ 0
)
(3.25)
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where θ takes values in the range [0, 2π], m is real and U is an arbitrary matrix of SL(2,R).
For the monodromy M to be in SL(2,Z) requires ‘quantization conditions’ on the pa-
rameters m, θ and restrictions on U . For the parabolic class, the restriction to SL(2,Z)
requires m ∈ Z and the conjugacy classes are represented by
Mm =
(
1 m
0 1
)
(3.26)
where m ∈ Z give a distinct conjugacy class for each integer m.
For the elliptic class, if U = 1 then θ = mπ/2 where m is an integer, giving two classes
represented by
M2 =
(
−1 0
0 −1
)
M4 =
(
0 1
−1 0
)
(3.27)
which generate the groups Z2 and Z4 respectively. There are two more elliptic SL(2,Z)
conjugacy classes (with U 6= 1), represented by
M3 =
(
0 1
−1 −1
)
M6 =
(
1 1
−1 0
)
(3.28)
which generate the Z3 and Z6 groups respectively. These are of the form
M3 = UNe(θ = 2π/3)U−1 M6 = UNe(θ = π/3)U−1 (3.29)
for certain U .
There is an infinite family of hyperbolic conjugacy classes with U 6= 1 given by
Mm =
(
m 1
−1 0
)
(3.30)
where m ∈ Z and m > 2. In addition there are an infinite number of sporadic monodromies
M(t) where t denotes the trace of the matrix, again with U 6= 1 [38]. The first five are:
M(8) =
(
1 2
3 7
)
M(10) =
(
1 4
2 9
)
M(12) =
(
1 2
5 11
)
M(13) =
(
2 3
7 11
)
M(14) =
(
1 1
6 13
)
... (3.31)
3.3.2 Parabolic Twist
We shall consider the application of these monodromy matrices to Scherk-Schwarz reductions.
First, we consider a twist by an element of the parabolic conjugacy class of SL(2,R) given
by
Mp =
(
1 m
0 1
)
(3.32)
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for some fixed m ∈ R. This will be in SL(2,Z) if the mass parameter m is quantized, m ∈ Z.
The Scherk-Schwarz ansatz gives
γp(y) =
(
1 my
0 1
)
τ(y) = τ0 +my (3.33)
where the mass matrix is
Mp =
(
0 m
0 0
)
(3.34)
and τ0 = τ1 + iτ2 is some constant modulus. For simplicity we shall choose A = R = 1 in
the metric (3.23).
If m ∈ Z, this reduction may be thought of as a twisted torus reduction on G/Γ where G
is the group manifold for the Heisenberg group [27], as we shall now review. This space is
sometimes called the nilmanifold and the metric is given by (3.23) with τ(y) given by (3.33).
The generators satisfy the Heisenberg algebra
[t2, ty] = mt1 [t1, ty] = 0 [t1, t2] = 0 (3.35)
and the group element g ∈ G corresponding to the coordinates y, za is
g(y, za) =
 1 −my z
1
0 1 z2
0 0 1
 (3.36)
The Heisenberg group is non-compact and the compact nilmanifold is obtained by identifying
the coordinates under
(y, z1, z2) ∼ (y + α, z1 −mαz2 + β1, z2 + β2) (3.37)
with α, βa ∈ Z. This can be understood as a quotient by a discrete subgroup Γ ⊂ GL. This
identification may be written as the left quotient g ∼ h · g where h ∈ Γ and Γ is the discrete
subgroup of matrices of the form
h(α, βa) =
 1 −mα β
1
0 1 β2
0 0 1
 ∈ Γ (3.38)
with integer α, βa. The left action g → h · g leaves the metric invariant, so the identification
is consistent with the ansatz.
3.3.3 Elliptic Twist
As a second example, we take M to lie in the elliptic conjugacy class of SL(2,Z) where
γe(y) = U
(
cos(θy) sin(θy)
− sin(θy) cos(θy)
)
U−1 Me = U
(
0 θ
−θ 0
)
U−1 (3.39)
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then the group G generated by {ta, ty} is ISO(2), the group of isometries of the Euclidean
plane and θ takes values between 0 and 2π. The monodromy is
Me = U
(
cos(θ) sin(θ)
− sin(θ) cos(θ)
)
U−1 (3.40)
and if U = 1 the complex structure is
τ =
τ0 cos(θy) + sin(θy)
−τ0 sin(θy) + cos(θy) (3.41)
Note that if τ0 = i, then τ = i is independent of θ.
The metric of the internal space of the reduced theory is ds2 = (σy)2+H(y)abσ
aσb where
the left-invariant one-forms are σm = (σy, γe(y)
a
bdz
b). The group manifold of ISO(2) has
topology S1 × R2 and is parameterised by matrices of the form
g(y, za) = U
 cos(θy) − sin(θy) z˜
1
sin(θy) cos(θy) z˜2
0 0 1
U−1 (3.42)
where
U =
(
U 0
0 1
)
(3.43)
and
z˜a = (U−1)abz
b (3.44)
The space is compactified under the left action of
h(α, βa) =
 1 0 β
1
0 1 β2
0 0 1
 (3.45)
where we require βa ∈ Z.
The Cartan-Killing metric is degenerate for this case; η = diag{1, 0, 0} but there is an
invariant metric of the form diag{a, b, b} for any a, b. For any choice of metric gmn on X = T 3,
the vector fields Z1, Z2 generating the non-compact part of G will not be Killing vectors and
the gauge group ISO(2) will be broken to at most the compact subgroup SO(2). Indeed,
for this reduction the scalar potential has a minimum at gmn = δmn [2] and in this vacuum
the gauge group ISO(2) is spontaneously broken to the SO(2) generated by Zy.
As a final comment, we note that if τ0 = i the y-dependence of τ cancels out in the above
ansatz and τ = τ0 = i as τ0 = i is a fixed point of the SL(2,R) transformation generated by
M . This fixed point of the T-duality twist is a minimum of the Scherk-Schwarz potential
V (τ, A) at τ = i, and the theory at the minimum corresponds to to an orbifold reduction
for which there is an exact conformal field theory description [2].
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3.3.4 Hyperbolic Twist
The third and final conjugacy class is the hyperbolic with mass matrix M and monodromy
M given by
Mh = U
(
m 0
0 −m
)
U−1 Mh = U
(
em 0
0 e−m
)
U−1 (3.46)
for some U . The Scherk-Schwarz ansatz gives dependence on the circle coordinate y through
γh(y) = U
(
emy 0
0 e−my
)
U−1 (3.47)
The Lie algebra is that of ISO(1, 1) and the group elements are
g(y, za) = U
 e
−my 0 z˜1
0 emy z˜2
0 0 1
U−1 (3.48)
and a compact space is obtained by identifying under the left action of a discrete subgroup
Γ ⊂ G of matrices of the form
h(α, βa) =
(
M−α β
0 1
)
(3.49)
where α, βa are integers. The left-invariant Maurer-Cartan forms and generators of the right
action are well defined on the compact space.
4 Scherk-Schwarz Dimensional Reduction
In this section, we review the results of Scherk-Schwarz dimensional reduction [1] in field
theory, truncating to the zero-mode sector, and include fluxes, generalising the results of [15].
It can be viewed as a compactification on a d-dimensional compact space X = G/Γ given
by the left-coset of a group manifold G by a discrete subgroup Γ, as in the last section, and
much of the structure of the theory reduced on X is the same as it would be for the reduction
on the group manifold G, and in particular there is a consistent truncation to a finite set
of fields in the reduced theory. The ansatz uses the one-forms σm = σi
mdyi satisfying the
structure equation
dσm +
1
2
fmnpσ
n ∧ σp = 0 (4.1)
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4.1 Gravity Reduction
We shall reduce the D-dimensional Einstein-Hilbert Lagrangian
LD = R̂ ∗ 1 (4.2)
on a d-dimensional manifold X = G/Γ, following the notation of [6]. The spacetime has
coordinates {xµ, yi}, where the yi are coordinates for the internal space X and the xµ are
the coordinates for the reduced spacetime. The most general left-invariant Einstein frame
reduction ansatz is1
ds2D = e
2αϕds2d + e
2βϕgmnν
mνn (4.3)
where the one-forms
νm = σm − Am (4.4)
introduce the Kaluza-Klein gauge fields Amµ , which have two-form field strength
Fm = dAm +
1
2
fmnpA
n ∧Ap (4.5)
We have retained the d GL invariant Kaluza-Klein gauge fields (graviphotons) Am(x) =
Amµ (x)dx
µ and the d(d + 1)/2 scalars gmn(x) and ϕ, where gmn(x) has unit determinant.
All other fields in the gravity sector are truncated out in the Scherk-Schwarz ansatz. Note
that the ansatz breaks the GL×GR symmetry of G down to GL unless gmn(x) is an invariant
metric, which for semi-simple groups requires it to be proportional to ηmn.
The condition for the volume element (
√
g) to be invariant under the left action GL is
fmnm = 0 (4.6)
which is the condition that the group be unimodular (i.e. the adjoint action on the Lie algebra
is trace-free). If this is satisfied, then the action can be dimensionally reduced to give an
action that is independent of the internal coordinates [1]. If this condition is not satisfied,
one can instead dimensionally reduce the field equations, giving a set of field equations that
are independent of the internal coordinates, but which in general cannot be derived from
an action that is independent of the internal coordinates [39]. Thus for unimodular groups,
there is a consistent truncation of the action, while for groups which are not unimodular,
there is a consistent truncation of the field equations, but in general not of the action. If
one keeps the full Kaluza-Klein theory without truncation, there is no need to apply this
condition and, for compact internal space, there will still be a mass gap, and there will an
infinite tower of massive field equations on the reduced space. Here we will present results
for the reduction of the action for unimodular G. There is a generalisation of our results
1Note ϕ introduced in the ansatz is distinct from the dilaton φ that will be introduced when we come to
consider the string frame Lagrangian.
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to the reduction of the field equations in the non-unimodular case (see. [39] for examples).
For reductions with duality twists for which G has Lie algebra (3.10), the group will be
unimodular if the mass matrix is traceless, Mi
i = 0.
The reduced Lagrangian is [1, 6, 15]
LD = R ∗ 1− 1
2
∗ dϕ ∧ dϕ− 1
2
gmpgnq ∗Dgmn ∧Dgpq − 1
2
e2(β−α)ϕgmn ∗ Fm ∧ F n
−1
2
e2(β−α)ϕ
(
gmng
pqgtsfmpt f
n
qs + 2g
mnf pqmf
q
pn
) ∗ 1 (4.7)
where
α = −
(
D − d
2(d− 2)(D − 2)
) 1
2
β =
(
d− 2
2(D − d)(D − 2)
) 1
2
(4.8)
and
Dgmn = dgmn + gmpf
p
nqA
q + gnpf
p
mqA
q (4.9)
4.2 Antisymmetric Tensor Gauge Field Reduction with Flux
In this section we consider the reduction of a p-form gauge field B̂(p) with p + 1-form field
strength Ĝ(p+1) = dB̂(p). We include the most general GL-invariant flux for the field strength
Ĝ(p+1),
Ĝ(p+1) =
1
(p+ 1)!
Kmn...p+1σ
m ∧ σn ∧ .... ∧ σp+1 + . . . (4.10)
where Km1m1...mp+1 are constant coefficients. The Bianchi identity dĜ(p+1) = 0, and therefore
d(Kmn...pσ
m ∧ σn ∧ .... ∧ σp+1) = 0, imposes the integrability condition
K[m1m2m3...mp|nf
n
|mp+1mp+2] = 0 (4.11)
and we require the constant Kmn...p+1 to satisfy this algebraic constraint. We use the most
general GL -invariant reduction ansatz for B̂(p), which is
B̂(p) = B(p) +B(p−1)m ∧ νm + 1
2!
B(p−2)mn ∧ νm ∧ νn + ...
...+
1
p!
B(0)m1m2m3...mpν
m1 ∧ ... ∧ νmp +̟(p) (4.12)
where we have included the flux Ĝm1m1...mp+1 = (−)pKm1m1...mp+1 through̟(p), which satisfies
d̟(p) =
1
(p + 1)!
Km1m2...mp+1σ
m1 ∧ ... ∧ σmp+1 (4.13)
We use this notation, even though the flux ̟(p) may not be defined globally, to emphasise
the requirement d(Kmn...p+1σ
m ∧ σn ∧ .... ∧ σp+1) = 0. Note that the spectrum is the same
as for a toroidal reduction, with one p-form, d p− 1-forms, d(d− 1)/2 p− 2-forms etc, but
these are now charged under the gauge group of the reduced theory in general.
19
The field strength Ĝ(p+1) can then be decomposed as
Ĝ(p+1) = G(p+1) +G(p)m ∧ νm + 1
2!
G(p−1)mn ∧ νm ∧ νn + ...
...+
1
(p+ 1)!
G(0)m1m2m3...mp+1ν
m1 ∧ ... ∧ νmp+1 (4.14)
where, the i-form field strengths are
G(i)m1m2...mp+1−i = DB(i−1)m1m2...mp+1−i + (−)pB(i−2)m1m2...mp+1−in ∧ F n
+(−)pc(i, p)fn[m1m2B(i)m3m4...mp+1−i]n
+
(−)p
i!
Km1m2...mp+1A
mp+1−i ∧Amp+2−i ∧ ... ∧Amp+1 (4.15)
and the coefficient c(i, p) is given by
c(i, p) =
(p+ 1− i)!
2(p− 1− i)! (4.16)
The GL-covariant derivatives are
DB(i−1)m1...mp+1−i = dB(i−1)m1...mp+1−i + (−)ic(i, p)B(i−1)[m1m2...mp−i|nfn|mp−i+1]q ∧ Aq (4.17)
The generic antisymmetric tensor Lagrangian
LĜ = −
1
2
∗ Ĝ(p+1) ∧ Ĝ(p+1) (4.18)
is therefore reduced to
LĜ = −
1
2
p+1∑
i=0
gm1m2gm3m4 ...gm2(p+1−i)−1m2(p+1−i) ∗G(i)m1m3...m2(p+1−i)−1 ∧G(i)m2m4...m2(p+1−i)
(4.19)
5 String Theory Compactifications on Twisted Tori
If a group G has a cocompact discrete subgroup Γ, then we have seen that the Scherk-Schwarz
reduction of a field theory using the structure constants of G is equivalent to the compactifi-
cation on a compact twisted torus G/Γ (or on the group manifold G itself, if this is compact)
with GL-invariant ansatz for the ground state fields, followed by a consistent truncation to
a GL-invariant sector of the spectrum that is independent of the internal coordinates. The
resulting theory has a local gauge symmetry that includes the isometry group GR. As the
internal space is compact, this can be extended to the full Kaluza-Klein theory by com-
pactifying on G/Γ with GL-invariant metric and fluxes, but keeping the full Kaluza-Klein
spectrum, which will have a tower of massive states separated by a mass-gap.
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This can now be extended to string theory or M-theory by considering compactification
on the compact space G/Γ with a GL-invariant ansatz for the metric and anti-symmetric
tensor gauge fields. Again there is a well-defined mass-gap, and the theory can be truncated
to the Kaluza-Klein theory, which in turn can be truncated to the GL-invariant sector and
to the fields independent of the internal coordinates, corresponding to the Scherk-Schwarz
reduction of the low-energy field theory. This effective field theory is a consistent truncation
and for generic vacua includes all the light fields. However, for special vacua, the symmetry
is enhanced and there are extra light fields. For example, for generic vacua, the metric gives
gauge fields for the gauge group GR, but if the metric is chosen to be a GL × GR-invariant
metric (the Cartan-Killing metric for a compact group) then the metric gives massless gauge
fields for the gauge group GL×GR. In the following subsections, we will describe the Scherk-
Schwarz reduction of the low-energy field theory.
Thus a Scherk-Schwarz reduction of a low-energy field theory associated with a group G
can be extended to a Kaluza-Klein compactification or a compactification of string theory if
there is a discrete subgroup Γ ⊂ GL such that G/Γ is compact, i.e. if there is a cocompact
discrete subgroup. A necessary condition for this is that the group be unimodular, i.e. that
the structure constants satisfy fmnm = 0. Note that semi-simple groups are unimodular, and
the groups with algebra (3.10) arising in reductions with duality twists are unimodular if
the mass matrix is traceless, Mi
i = 0. For non-unimodular groups G, as discussed in section
4, although there is no Scherk-Schwarz reduction of the action, there is a Scherk-Schwarz
reduction of the field equations, but this cannot be extended to a compactification of string
theory.
5.1 Scherk-Schwarz Reduction of Low Energy Field Theory
We shall apply the results of the last section to the reduction of the D-dimensional La-
grangian
LS = e−Φ̂
(
R̂ ∗ 1 + ∗dΦ̂ ∧ dΦ̂− 1
2
∗ Ĝ(3) ∧ Ĝ(3)
)
(5.1)
governing the massless fields of the bosonic string, or a subset of the massless bosonic fields
of the various superstrings. It is related to the Einstein frame Lagrangian by a conformal
scaling
ds2String = e
−aφds2Einstein (5.2)
where Φ̂ = − 1
2a
φ, a2 = 8/(D − 2). The Lagrangian in the Einstein frame is
LE = R̂ ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
eaφ̂ ∗ Ĝ ∧ Ĝ (5.3)
where Ĝ = dB̂ and B̂ is the Kalb-Ramond form.
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The Scherk-Schwarz reduction of this theory was given in [1], and the generalization to
include flux was considered in [6, 15]. We introduce a flux Ĝ = K + . . . where
K =
1
6
Kmnpσ
m ∧ σn ∧ σp (5.4)
with constant coefficients Kmnp, and requiring dK = 0 gives the integrability condition
Kt[mnf
t
pq] = 0 (5.5)
which will later arise as part of the Jacobi identities for the gauge algebra of this theory. As
K is closed, there is locally a 2-form potential ̟(2) for the flux such that
d̟(2) = K (5.6)
so that the ansatz for the potential is of the form B̂ = ̟(2) + . . . . The ansatz for the
reduction of the potential is
B̂ = B(2) +B(1)m ∧ νm + 1
2
B(0)mnν
m ∧ νn +̟(2) (5.7)
giving the field strength
Ĝ = G(3) +G(2)m ∧ νm + 1
2
G(1)mn ∧ νm ∧ νn + 1
6
G(0)mnpν
m ∧ νn ∧ νp (5.8)
where
G(3) = dB(2) +B(1)m ∧ Fm + 1
6
KmnpA
m ∧ An ∧ Ap
G(2)m = DB(1)m +B(0)mnF
n +
1
2
KmnpA
n ∧Ap
G(1)mn = DB(0)mn + f
p
mnB(1)p +KmnpA
p
G(0)mnp = 3B(0)[m|qf
q
|np] +Kmnp (5.9)
and
DB(1)m = dB(1)m − B(1)nfnmp ∧ Ap
DB(0)mn = dB(0)mn + 2B(0)[m|pf
p
|n]qA
q (5.10)
The Lagrangian of the Kalb-Ramond sector of the reduced theory, in the Einstein frame, is
then
LD = eaφ−4αϕ
(
−1
2
∗G(3) ∧G(3) − 1
2
e−2(β−α)ϕgmn ∗G(2)m ∧G(2)n
−1
2
e−4(β−α)ϕgmngpq ∗G(1)mp ∧G(1)nq
−1
2
e−6(β−α)ϕgmngpqgts ∗G(0)mpt ∧G(0)nqs
)
(5.11)
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It will be convenient to work in the string frame, where the metric reduction ansatz is
ds2D = gµνdx
µdxν + gmnν
mνn (5.12)
Reducing (5.1) on the spacetime of (5.12) gives
LD = e−φ
(
R ∗ 1 + ∗dφ ∧ dφ+ 1
2
∗Dgmn ∧Dgmn − 1
2
gmn ∗ Fm ∧ F n − 1
2
∗G(3) ∧G(3)
−1
2
gmn ∗G(2)m ∧G(2)n − 1
2
gmngpq ∗G(1)mp ∧G(1)nq + V ∗ 1
)
(5.13)
where the potential V is
V = −1
4
gmng
pqgstfmpsf
n
qt −
1
2
gmnf pmqf
q
np −
1
2
gmngpqgstG(0)mpsG(0)pqt (5.14)
Here φ is the shifted dilaton
φ = Φ̂− ln(√g) (5.15)
where g = det(gmn).
5.2 Gauge algebra
In this section we consider the gauge algebra of the reduced Lagrangian (5.13). The gauge
fields of the reduced theory are the 2-form B(2), the d vector fields B(1)m and the d vector
fields Am and we denote the generators of the corresponding gauge transformations W,X,Z
and the parameters Λ(1) = Λ(1)(x
µ), λ(0)m = λ(0)m(x
µ) and ωm = ωm(xµ) respectively, so
that the gauge transformations include
δW (Λ(1))B(2) = dΛ(1)
δX(λ(0)m)B(1)m = dλ(0)m + . . .
δZ(ω)A
m = −dωm + . . . (5.16)
The W and X symmetries come from the D-dimensional gauge transformations B̂ →
B̂ + dλ̂ on reducing the parameter
λ̂ = Λ(1) + λ(0)mν
m
dλ̂ = dΛ(1) − λ(0)mFm +
(
dλ(0)m + λ(0)nf
n
mpA
p
) ∧ νm − 1
2
λ(0)pf
p
mnν
m ∧ νn
(5.17)
The resulting gauge transformations of the reduced potentials are
δW (Λ(1))B(2) = dΛ(1)
δX(λ(0)m)B(2) = −λ(0)mFm
δX(λ(0)m)B(1)m = dλ(0)m + λ(0)nf
n
mpA
p = Dλ(0)m
δX(λ(0)m)B(0)mn = −λ(0)pf pmn (5.18)
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The Z symmetries arise from the diffeomorphism symmetry of the higher dimensional
theory. Under a diffeomorphism of the internal space with parameter ωm(x) the basis forms
transform as δ(ω)νm = Lωνm = (ιωd+ dιω) νm = −νnfmnpωp. The requirement δ(ω)B̂ = 0
that the ansatz (5.7) is invariant under these general coordinate transformations induces the
following transformations on the reduced potentials
δ(ω)B(2) =
1
2
Kmnpω
pAm ∧An + (dΞ(1) − Ξ(0)mFm)
δ(ω)B(1)m = B(1)nf
n
mpω
p −KmnpωpAn +DΞ(0)m
δ(ω)B(0)mn = 2B(0)[m|pf
p
|n]qω
q +Kmnpω
p − Ξ(0)pf pmn (5.19)
where Ξ̂ = Ξ(1) +Ξ(0)mν
m = ιω̟(2) has explicit internal coordinate dependence. We remove
the internal dependence by a gauge transformation B̂ → B̂ + dλ̂ with parameter λ̂ = −Ξ̂,
yielding the gauge transformations
δZ(ω)B(2) =
1
2
Kmnpω
pAm ∧An
δZ(ω)B(1)m = B(1)nf
n
mpω
p −KmnpωpAn
δZ(ω)B(0)mn = 2B(0)[m|pf
p
|n]qω
q +Kmnpω
p
δZ(ω)A
m = −dωm − fmnpωpAn = −Dωm
δZ(ω)gmn = 2g(m|pf
p
|n)qω
q (5.20)
It is straightforward to calculate the gauge algebra of the reduced theory using the Jacobi
identity f q[mnf
t
p]q = 0 and the integrability condition Kt[mnf
t
pq] = 0, giving
[δZ(ω˜), δZ(ω)] = δZ(f
m
npω
nω˜p)− δX(Kmnpωnω˜p)− δW (Kmnpωnω˜pAm)
[δX(λ), δZ(ω)] = −δX(λmfmnpωp) (5.21)
All other commutators vanish. Note the appearance of a field-dependent parameter Λ(1) =
Kmnpω
nω˜pAm for the gauge transformation on the right hand side in (5.21). This extra
term involving an anti-symmetric tensor gauge transformation only occurs when acting on
the anti-symmetric tensor potential B(2), and is absent when acting on the anti-symmetric
tensor field strength G(3). Such a field-dependent term in the algebra is a natural feature of
theories with Chern-Simons terms, as we shall discuss in the next section.
The Lie algebra underlying this field-dependent gauge algebra is the algebra found in [15]
[Zm, Zn] = f
p
mnZp −KmnpXp
[Xm, Zn] = −fmnpXp
[Xm, Xn] = 0 (5.22)
where, following [15], we have defined the generators Zm, X
m of the spin-one transformations
δZ(ω) = ω
mZm and δX(λm) = λmX
m. The Jacobi identity of this algebra is equivalent to
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the integrability conditions f q[mnf
t
p]q = 0 and Kt[mnf
t
pq] = 0. Note that in the absence of flux,
this contains the algebra of the group Gd generated by the right action vector fields Zm of
section 2 and the 2d dimensional gauge group is G2d ≃ Gd×U(1)d. However, the presence of
flux modifies the commutator of the Zm and can lead to non-trivial algebras, although, as
we shall see in section 5, in some cases the algebra simplifies.
5.3 O(d, d) Covariant Formulation
Remarkably, the theory can be written in an O(d, d) covariant form [15, 40, 41]. The Lie
algebra (5.22) may be written as
[TA, TB] = tAB
CTC (5.23)
where the generators Zm, X
m (m = 1, 2, 3...d) are combined into an O(d, d) vector
TA =
(
Zm X
m
)
(5.24)
with A = 1, 2, 3...2d. Defining tABC = LADtBC
D where LAB is the O(d, d) invariant matrix
LAB =
(
0 1Id
1Id 0
)
(5.25)
the structure constants are tnp
m = fmnp and tmnp = Kmnp. 1Id is the d-dimensional identity
matrix δmn.
To write the full Lagrangian in a manifestly O(d, d)covariant form we define [15, 40]
B(2) = B(2) − 1
2
B(1)m ∧Am (5.26)
and
AA =
(
Am
B(1)m
)
FA =
(
Fm
G(2)m −B(0)mnF n
)
(5.27)
The scalars take values in the coset O(d, d)/O(d)×O(d) and can be parameterised by a coset
metric
MAB ≡
(
Mmn Mnm
Mmn Mmn
)
=
(
gmn −B(0)npgpm
−B(0)mpgnp gmn + gpqB(0)mpB(0)nq
)
(5.28)
The reduced Lagrangian is then
LD = e−φ
(
R ∗ 1 + ∗dφ ∧ dφ+ 1
2
∗G(3) ∧G(3) + 1
4
LACLBD ∗DMAB ∧DMCD
− 1
2
LACLBDMAB ∗ FC ∧ FD − 1
12
MADMBEMCF tABCtDEF
+
1
4
MADLBELCF tABCtDEF
)
(5.29)
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where
G(3) = dB(2) + 1
2
(
LABAA ∧ FB − 1
3!
tABCAA ∧AB ∧AC
)
(5.30)
and
DMAB = dMAB +MACtCDBAD +MBCtCDAAD (5.31)
Note that
DMnm = gmpf qnpB(1)q + gmpKnpqAq + ... (5.32)
and the scalar kinetic term (DM)2 term gives mass terms for the one-form fields B(1)m and
Am.
This form of the theory is invariant under O(d, d) transformations, provided the structure
constants are taken to change under O(d, d), so that the tAB
C transform as a tensor under
O(d, d).
This Lagrangian is invariant under the gauge symmetry generated by δZ(ω), δX(λ) and
δW (Λ). Combining the gauge parameters ω
m, λm into an O(d, d) vector α
A = (ωm,−λm)T ,
the transformation of the one-form gauge fields is
δ(α)AA = αBTB : AA = −dαA − tBCAαCAB
=
(
−dωm − fmnpωpAn
dλm + λnf
n
mpA
p +B(1)nf
n
mpω
pAn −KmnpωpAn
)
(5.33)
The 3-form field strength
G(3) = dB(2) + 1
2
Ω(A,F) (5.34)
has a Chern-Simons form
Ω(A,F) = LABAA ∧ FB − 1
3!
tABCAA ∧AB ∧AC (5.35)
satisfying
dΩ = LABFA ∧ FB (5.36)
As usual for field strengths with Chern-Simons terms, for G(3) to be gauge invariant under the
infinitesimal gauge transformations δ(α), it is necessary that B(2) transforms non-trivially.
The required B(2) transformation is, up to a total derivative,
δ(α)B(2) = 1
2
LABα
AdAB (5.37)
The algebra of these transformations is field-dependent:
[δ(α˜), δ(α)] = δ(tBC
AαBα˜C)− δW (t[ABC]αBα˜CAA) (5.38)
This is simply the O(d, d) covariant form of the algebra (5.21). All reductions with non-trivial
fluxes and twists may be written in this form so one expects such a field dependent algebra
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in any such reduction where t[ABC] 6= 0. As usual, we shall refer to the Lie algebra (5.23) as
the gauge algebra, even though strictly speaking the symmetry algebra is the algebra (5.38)
with field-dependent structure functions.
In the abelian limit in which the structure constants tAB
C are set to zero, this reduces
to the standard reduction on a d-torus, giving a field theory with manifest global O(d, d)
symmetry. The non-abelian reduction discussed here can be thought of as a gauging of a
2d-dimensional subgroup G2d of the O(d, d) symmetry. In particular, when a supergravity
theory is dimensionally reduced in this way, the result is a gauged supergravity theory with
gauge group G2d.
6 Symmetry Breaking and Examples of Flux Reduc-
tions
6.1 Symmetry Breaking
The twisted reduction with flux gives rise to a compactified theory with 2d-dimensional gauge
group G2d with gauge algebra (5.22), and this symmetry is in general spontaneously broken.
First, some of the gauge symmetry is non-linearly realised, and as a non-linearly realised
transformation acts as a shift on certain scalar φ, δφ = α+O(φ), it cannot be preserved by
any vacuum expectation value of φ and so is necessarily broken by any vacuum, so that the
gauge group is necessarily broken down to its linearly realised subgroup. Then any given
vacuum solution (e.g. one arising from a critical point of the scalar potential) can then break
the linearly realised subgroup further to the subgroup preserving that vacuum.
In this section, we will discuss the first stage of symmetry breaking down to the linearly
realised subgroup that is generic for any solution. For vacua with vanishing scalar expectation
value, this is the complete breaking, but for non-trivial scalar expectation values there will
be further breaking through the standard Higgs mechanism. The transformation for the
scalar fields B(0)mn is
δB(0)mn = −λ(0)pf pmn +Kmnpωp + 2B(0)[m|pf p|n]qωq (6.1)
and from this one can find the non-linearly realised symmetries, i.e. the ones realised as
shifts of scalar fields.
Consider first the case without flux, Kmnp = 0, so that the gauge group with algebra
(5.22) is G2d = Gd×U(1)d where Gd is the isometry group with structure constants f pmn. The
transformation
δB(0)mn = −f pmnλ(0)p +O(B(0)mn) (6.2)
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implies that the subgroup of Z transformations Gd is linearly realised, but that some of the
U(1)d X transformations with parameter λ are non-linearly realised and so broken. If Gd is
semi-simple, then one can raise and lower group indices using the Cartan-Killing metric and
define the Goldstone field
χp =
1
2
fmnp B(0)mn (6.3)
which transforms as
δX(λ(0)m)χm = −λ(0)m (6.4)
and the remaining scalar fields
B˘(0)mn = B(0)mn − f pmnχp (6.5)
transform linearly. Then the subgroup U(1)d of X-transformations are non-linearly realised
and so spontaneously broken, with the Goldstone fields χp eaten by the gauge fields B(1)p
which all become massive. The group G2d = Gd×U(1)d is broken to the subgroup Gd, and
this in turn may be further broken in vacua in which the remaining scalars B˘(0)mn, gmn have
a non-trivial vacuum expectation value. If the group is not semi-simple, then not all of U(1)d
is broken in general, and the linearly realised subgroup is unbroken. In the trivial case in
which Gd is abelian, there are no shifts and the full U(1)2d symmetry is unbroken, while in
the general case it will be broken to the subgroup for which the infinitesimal parameters λ
satisfy
f pmnλ(0)p = 0 (6.6)
For the abelian case (fmnp = 0) the whole group remains unbroken, for the semi-simple case
there are no solutions and G2d is broken to Gd, and for non-semi-simple cases there in general
will be solutions in the kernel of the map Rd → Rd(d−1)/2 defined by αp → αpf pmn, resulting
in a partial breaking. This case will be analysed as a particular case of a more general
construction in section 6.5.2.
Consider next the case with flux, but with a toroidal reduction with f pmn = 0, so that
Gd = U(1)d. Then
δB(0)mn = Kmnpω
p (6.7)
and the X-transformations are linearly realised but a subgroup of the group Gd = U(1)d of Z-
transformations is non-linearly realised and so spontaneously broken. The breaking depends
on the form of the flux Kmnp. The Z transformations will be broken to the subset for which
the parameters satisfy Kmnpω
p = 0. The remaining Z-transformations will be broken, with
the corresponding scalars B(0)mn eaten by gauge fields A
m, which become massive. In this
case, the unbroken generators correspond to the kernel of the map Rd → Rd(d−1)/2 defined
by βp → βpKmnp. This case will be analysed in section 6.5.1.
We will now consider further examples of twisted reductions with fluxes and discuss
their symmetry breaking. In 6.2 we consider a flux that may be removed by a simple field
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redefinition. Section 6.3 discusses a theory with a flux constructed from an invariant metric,
in which a linear combination of B(1)m and A
m gauge fields becomes massive. Section 6.4
considers the general case and finally, in section 6.5, we illustrate the general approach with
two examples.
6.2 Trivial Flux
The flux
Kmnp = ζmqf
q
np + ζnqf
q
pm + ζpqf
q
pm (6.8)
satisfies (5.5) for any constant antisymmetric ζnm = −ζmn. The physical effect of this flux,
its appearance in the gauge algebra and in the Lagrangian, may be removed entirely by the
field redefinitions.
B˜(2) = B(2) +
1
2
ζmnA
m ∧ An
B˜(1)m = B(1)m − ζmnAn
B˜(0)mn = B(0)mn + ζmn (6.9)
Fluxes of this form are therefore not physically significant.
6.3 Flux Constructed from Invariant Metric
If the group Gd has an invariant metric hmn = hnm satisfying
h(m|pf
p
|n)q = 0 (6.10)
then
fmnp = hmqf
q
np (6.11)
is totally antisymmetric, fmnp = f[mnp], and the flux
Kmnp = fmnp (6.12)
satisfies the integrability constraint (5.5) by virtue of the Jacobi identity (2.4). If Gd is
semi-simple then any invariant metric is proportional to the Cartan-Killing metric ηmn, so
that
hmn = µηmn, ηmn =
1
2
f qmpf
p
nq (6.13)
for some parameter µ, which plays the role of a mass parameter in the reduced theory. This
metric is invertible, and is the case considered for compact groups in [6]. The special case
µ = 0 gives vanishing flux K = 0 and so gives the reduction for a semi-simple group without
flux discussed in Section 6.1 as a special case. For a general non-semi-simple group, hmn
need not be related to the Cartan-Killing metric and need not be invertible.
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We shall see that theories with this type of flux admit various field redefinitions which
simplify the gauge algebra of the theory. The first step involves a change of basis which brings
the gauge group to a semi-direct product form. If the metric hmn is invertible, then a further
redefinition is possible that brings the gauge group to a direct product form Gd×U(1)d and
this is spontaneously broken to Gd.
6.3.1 General Case with Flux from Invariant Metric
If hmn is an invariant metric, the flux Kmnp = fmnp is a non-trivial flux in that its effect
cannot be removed by a field redefinition of the kind (6.9). The gauge algebra is (5.22) with
Kmnp = fmnp
[Zm, Zn] = f
p
mnZp − fmnpXp
[Xm, Zn] = −fmnpXp
[Xm, Xn] = 0 (6.14)
With this choice of flux, the algebra may be simplified by the change of basis
Ẑm = Zm + hmnX
n (6.15)
so that
δẐ(ω
m) ≡ δZ(ωm) + δX(λ(0)m ≡ hmnωn) (6.16)
The gauge algebra is then isomorphic to that of the standard Scherk-Schwarz reduction in
the absence of flux [1]
[Ẑm, Ẑn] = f
p
mnẐp[
Xm, Ẑn
]
= −fmnpXp
[Xm, Xn] = 0 (6.17)
which generates the gauge group
Gd×U(1)d (6.18)
The Ẑ transformations are
δẐ(ω)B(2) = −hmnωmdAn
δẐ(ω)B(1)m = hmndω
n +B(1)nf
n
mpω
p
δẐ(ω)B(0)mn = B(0)mpf
p
nqω
q − B(0)npf pmqωq
δẐ(ω)A
m = −dωm − fmnpωpAn (6.19)
Note that δẐ(ω)A
m = δZ(ω)A
m since the Am fields are singlets of the Xm transformations.
The similarity of the Am and B(1)m transformations may be exploited to define a field C(1)m
which transforms covariantly under the semi-simple subgroup Ĝd generated by δẐ(ω)
C(1)m = B(1)m + hmnA
n (6.20)
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where
δẐ(ω)C(1)m = C(1)nf
n
mpω
p
δX(λ)C(1)m = Dλ(0)m (6.21)
The field strengths (5.9) then become
G(3) = dB(2) + C(1)m ∧ Fm − Ω3(h)
G(2)m = DC(1)m +B(0)mnF
n − hmnF n
G(1)mn = DB(0)mn + f
p
mnC(1)p
G(0)mnp = −3B(0)[m|qf q|np] + fmnp (6.22)
where
Ω3(h) = hmn
(
Am ∧ dAn + 1
3
fmpqA
n ∧Ap ∧ Aq
)
(6.23)
is a generalised Chern-Simons term satisfying
dΩ3(h) = hmnF
m ∧ F n (6.24)
These field redefinitions give a formulation with gauge fields (C(1)m, A
m) and gauge group
Gd×U(1)d with Am the gauge fields for the Ẑ transformations generating Gd with the U(1)d
gauge fields C(1)m transforming covariantly under Gd. The field redefinition (6.20) brings the
vector mass term in the Lagrangian to the form
LD = −1
2
e−φgmngpq ∗G(1)mp ∧G(1)nq + ...
= −1
2
e−φgmngpqf tmpf
s
nq ∗ C(1)t ∧ C(1)s + ... (6.25)
so that only the C(1)m can become massive (which ones do so depends on the structure
constants) while the Am remain massless.
6.3.2 Case with Invertible Metric
To go further, we now restrict ourselves to the case in which hmn is non-degenerate, with
inverse hmn. In this case the gauge group may be simplified further. An important class of
examples is that in which Gd is a semi-simple group, and the invariant metric hmn = µηmn is
proportional to the Cartan-Killing metric ηmn. Then further redefinitions are possible that
simplify the gauge group to a direct product Gd × U(1)d which is spontaneously broken to
Gd with the gauge fields C(1)m becoming massive [6].
The gauge fields C(1)m become massive by eating the Goldstone fields
χp =
1
2
fmnp B(0)mn (6.26)
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where fmnp = h
mqfnqp. This transforms as
δẐ(ω
m)χm = χnf
n
mpω
p
δX(λ(0)m)χm = −λ(0)m (6.27)
so that the χ are Stuckelberg fields shifting under the X transformations (if µ 6= 0).
The gauge algebra can be further simplified to a direct product structure by defining
massive fields which are gauge singlets under δX(λ(0)m), as follows
B˘(2) = B(2) − χmFm
C˘(1)m = C(1)m +Dχm
B˘(0)mn = B(0)mn − f pmnχp (6.28)
The Goldstone bosons χm of the broken U(1)
d symmetry δX(λ(0)m) are eaten by the C(1)m
which become the massive vector fields C˘(1)m. These redefinitions bring the Ẑ transforma-
tions for C˘(1)m and B˘(0)mn to the canonical form,
δẐ(ω
m)B˘(2) = −hmnωmdAn
δẐ(ω
m)C˘(1)m = C˘(1)nf
n
mpω
p
δẐ(ω
m)B˘(0)mn = B˘(0)mpf
p
nqω
q − B˘(0)npf pmqωq (6.29)
The gauge algebra realised on B˘(0)mn and C˘(1)m is
[δẐ(ω˜), δẐ(ω)] = δẐ(f
m
npω
nω˜p) (6.30)
Since the massive potentials are singlets of δX(λ(0)m) this is the complete algebra. The gauge
algebra is then [
Ẑm, Ẑn
]
= f pmnẐp[
Xm, Ẑn
]
= 0
[Xm, Xn] = 0 (6.31)
which generates the gauge group
Gd × U(1)d (6.32)
The action of δẐ(ω) on the B˘(0)mn and C˘(1)m fields is equivalent to that of δZ(ω) since these
fields are singlets of the U(1)d subgroup. The B˘(2) field is still massless and transforms as
δW (Λ(1))B˘(2) = dΛ(1). The full gauge algebra is
[δẐ(ω˜), δẐ(ω)] = δẐ(f
m
npω
nω˜p)− δW (fmnpωnω˜pAm) (6.33)
with all other commutators vanishing.
The field redefinitions (6.28) are of the form of the infinitesimal gauge transformations
generated by δX(λ), although they are not infinitesimal. Since the field strengths are in-
variant under transformations generated by δX(λ) the field strengths take the same form as
(6.22), with B(2), C(1)m and B(0)mn replaced by B˘(2), C˘(1)m and B˘(0)mn respectively.
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6.4 General Case
In this section we shall consider a reduction on a general twisted torus with arbitrary flux,
i.e. we shall allow the d-dimensional group Gd, upon which the compactification is based, to
be non-semi-simple and the flux K may vanish along certain directions. We shall analyse the
symmetry breaking of the gauge symmetry G2d ≃ Gd×U(1)d to a linearly realised subgroup.
The gauge fields Am, B(1)m become massive by eating a subset of the scalar fields B(0)mn,
so it is on these fields that we shall focus. The infinitesimal transformation of the scalar
B-fields under the gauge symmetry G2d is
δB(0)M = −λ(0)mfmM + ωmKmM +O(B(0)M ) (6.34)
where we have defined the compound indexM = [mn],M = 1, 2, ...D, where D = d(d−1)/2.
It will be useful to write this variation in terms of the O(d, d) covariant structure constants
tAB
C of G2d and the gauge parameter αA = LABαB introduced in section 5.3 where A =
1, 2, ...2d.
δB(0)M = (−λm, ωm)
(
fmM
KmM
)
+O(B(0)M)
= αAt
A
M +O(B(0)M ) (6.35)
The structure constants tAM may be thought of as defining a map αA → αAtAM from R2d
to RD, which is non-invertible for d > 5 (and may be for d ≤ 5), and part of our analysis
will be concerned with finding a generalised inverse of this map.
First we identify the set of gauge fields which become massive. The map t : αA → αAtAM
will have a kernel of dimension 2d− d′ for some d′, and it is useful to choose a basis {eA} =
{eA′, eA¯} for R2d consisting of a basis {eA¯} for the kernel of the map t with A¯ = d′ + 1, ...2d
together with its complement, a basis {eA′} for the cokernel, with A′ = 1, 2...d′. Then
tA¯M = 0 (6.36)
for all M while tA
′
M has no zero eigenvectors and so for each A
′, there is some M such that
tA
′
M 6= 0. Then in this basis the structure constants tAM are a 2d×D matrix
tAM =
(
tA
′
M
0
)
(6.37)
where 0 is the 2d− d′ ×D zero matrix.
In this basis the B(0)M scalar field transforms as
δB(0)M = αA′t
A′
M +O(B(0)M ) (6.38)
so that the symmetry G2d is broken to the 2d − d′ dimensional subgroup generated by the
T A¯ with parameters αA¯ and gauge bosons AA¯, while the remaining symmetries generated
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by TA
′
are all broken and the vector fields AA′ are massive. Indeed, the mass term of the
Lagrangian 5.29 for the gauge fields AA is
LD = 1
4
e−φMABMCDtACE′tBDF ′ ∗ AE′ ∧AF ′ + ... (6.39)
and it is clear that fields AA′ are massive whilst the AA¯ remain massless, as the latter do not
appear in the mass term. In general, AA′ and AA¯ will be linear combinations of the Am and
B(1)m fields. This highlights one effect of introducing flux into such twisted reductions: if
K = 0, then only a subset of the B(1)m fields become massive whilst the A
m remain massless.
By introducing fluxes, the fields which become massive are linear combinations of the Am
and B(1)m fields.
We now turn to finding the Goldstone fields that are eaten by the massive one-form fields
AA′. The structure constants also give a map from RD to R2d defined by βM → tAMβM . As
before we choose a basis for RD so that the indexM splits into (M ′, M¯) where M¯ = d′+1, ..D
label a basis for the kernel of this map, and M ′ = 1, 2, ..d′ labels a basis for the cokernel.
Then tAM takes the form of a 2d×D matrix
tAM =
(
tA
′
M ′ 0
0 0
)
(6.40)
The 2d×D matrix tAM is non-invertible, but the d′ × d′ matrix tA′M ′ is non-degenerate by
construction, so we may define its inverse t˜M
′
A′ (with t˜
M ′
A′t
A′
N ′ = δ
M ′
N ′).
Now
δB(0)M¯ = O(B(0)) δB(0)M ′ = αA′t
A′
M ′ +O(B(0)) (6.41)
so that we can define Goldstone bosons χA′ by χA′ = B(0)M ′ t˜
M ′
A′ so that they transform as
δχA′ = αA′ +O(B(0)) (6.42)
We may then define massive gauge bosons as
A˘A′ = AA′ +DχA′ (6.43)
so that the massive gauge fields A˘A′ transform in a linear realisation of the unbroken gauge
group generated by T A¯.
6.5 Examples
In the following we illustrate this general method with two examples.
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6.5.1 Toroidal Reduction with Flux
If f pmn = 0, then the group Gd is abelian and the internal manifold (after discrete identifica-
tions to compactify, if necessary) is a torus and we take Gd = U(1)d. With flux K, the gauge
algebra is
[Zm, Zn] = −KmnpXp (6.44)
with all other commutators vanishing. The internal index m can be split into (m′, m¯), so
that m¯ labels the d − d′ dimensional kernel of the map αm → αmKmnp, and m′ labels the
cokernel, so that
Kmnp¯ = 0 Km′n′p′ 6= 0 (6.45)
Then the transformation of the B(0) scalars is
δB(0)n′p′ = ω
m′Km′n′p′, δB(0)mn¯ = 0 (6.46)
The transformations generated by Zm′ with parameters ω
m′ are spontaneously broken, with
B(0)m′n′ the Goldstone fields that are eaten by the gauge fields A
m′ . The Am
′
fields have
mass term in the Lagrangian
LD = −1
2
e−φgmngpqKmpt′Knqs′ ∗ At′ ∧ As′ + ... (6.47)
The 2d dimensional gauge group is broken to the 2d − d′ dimensional abelian subgroup
U(1)2d−d
′
generated by Zm¯ and X
m with parameters ωm¯ and λm respectively.
Let K˜m
′n′p′ be any constants satisfying K˜m
′n′p′Kn′p′q′ = δ
m′
q′. Then we can define Gold-
stone fields χm
′
by
χm
′
= K˜m
′n′p′Bn′p′ (6.48)
transforming as a shift the ωm
′
transformations
δB(0)M¯ = 0 δχ
m′ = ωm
′
(6.49)
The remaining scalars are invariant, δB(0)mn¯ = 0. We may then define the massive gravipho-
tons A˘m
′
= Am
′
+ dχm
′
which are singlets of the gauge transformations.
6.5.2 Reduction with Non-semi-simple Twisted Tori
The next example we consider is that of a general non-semi-simple group Gd with structure
constants f pmn but with zero flux, so that the analysis of subsection 6.3.1 applies with µ = 0.
Such groups arise for example in reductions with duality twists. The reduction is then on
a compactification Gd/Γ of the non-compact group manifold for the non-semi-simple group
Gd.
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The map Rd → Rd(d−1)/2 defined by Vm → Vmfmnp will have a kernel of dimension d− d′,
say, which we label by m¯ = d′ + 1, ..., d, while the cokernel is labelled by m′ = 1, ..., d′, so
that the index m is split into (m′, m¯). Then
f m¯np = 0 ∀n, p (6.50)
and the map can be written as Vm′ → Vm′fm′np.
The transformation of the B(0)mn scalars under G2d is
δB(0)np = −λm′fm′np + O(B(0)) (6.51)
so that the transformations generated by the Xm
′
are broken, with the vector fields B(1)m′
becoming massive. Indeed, the fields B(1)m′ have a mass term in the Lagrangian
LD = −1
2
e−φgmngpqf t
′
mpf
s′
nq ∗B(1)t′ ∧ B(1)s′ + ... (6.52)
The gauge group is then broken to the 2d − d′ dimensional subgroup generated by Zm and
Xm¯ with parameters ωm and λm¯, with massless gauge fields A
m, Bm¯.
To proceed with the analysis, we define a compound index M = [mn] M = 1, .., D,
where D = d(d − 1)/2, labelling the space of 2-forms RD, so that the structure constants
define a d × D matrix fmN . We then split this into indices M = (M ′, M¯), M ′ = 1, 2, ...d′,
M¯ = d′ + 1, ...D′ with M ′ labelling the cokernel of the map defined by βM → fmMβM and
M¯ = d′+1, ...D′ labelling the kernel. Then fm
′
M ′ is an invertible d
′× d′ matrix with inverse
f˜M
′
m′ , say. The goldstone bosons of the broken symmetry χm′ are χm′ = B(0)M ′ f˜
M ′
m′ and the
scalar fields transforming linearly in the unbroken gauge symmetry Gd×U(1)d−d′ are B(0)M¯ .
The transformation properties of these fields under X and Z transformations following from
(6.51) are
δB(0)M¯ = O(B(0)) δχm′ = λm′ +O(B(0)) (6.53)
so that χm′ is the Goldstone field for the λm′ transformations. We then define the massive
gauge boson B˘(1)m′ = B(1)m′ + Dχm′ which transforms in a linear representation of the
unbroken gauge group Gd×U(1)d−d′ .
As an example, consider the case where d = 3 , m′ = 1, 2 and m¯ = 3, with the only non-
zero structure constants given by fm
′
3n′ = Mn′
m′ for some matrix Mn′
m′ , so that the gauge
algebra, in the absence of flux, becomes
[Zm′, Zi] = Mm′
n′Zn′[
Xm
′
, Zi
]
= −Mn′m′Xn′ (6.54)
with all other commutators vanishing. This is precisely the algebra (3.10) of an SL(2) twisted
T 2 fibration over S1 as discussed in section 3, with mass matrix Mm′
n′ . For example, in the
case of an elliptic twist, the gauge group ISO(2)×U(1)3 is broken to the linearly realised
sub-group ISO(2)×U(1).
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7 Discussion
We have seen that a Scherk-Schwarz reduction of a low energy field theory on a ‘twisted torus’
associated with a group G can be extended to a string theory compactification provided the
group G has a discrete cocompact subgroup Γ, and the string theory is then compactified on
G/Γ. This is a non-trivial restriction, as not all G have such subgroups. A large class (but not
all) of reductions with duality twists can be viewed as compactifications on such G/Γ, while
others can be regarded as compactifications of F-thoery, or one of its generalisations, on
G/Γ. This extends to M-theory: a Scherk-Schwarz reduction of 11-dimensional supergravity
can be promoted to a compactification of M-theory on a compact G/Γ, when this exists.
The O(d, d) covariant formulation of the reduced theory is very suggestive, and it is
natural to ask whether this generalises to M-theory or type II compactifications, and whether
these can be written in a way that is covariant under the action of a duality group. The
results for the heterotic string with Wilson line fluxes for the heterotic gauge fields were
given in [15], and were found to be O(d, d+16) covariant. The results are of the form given
in section 5, but with the indices A now running over 2d+16 values and transforming under
O(d, d+ 16).
For general Scherk-Schwarz compactifications of string theory, the vector fields Bµm arise
from the 2-form gauge field BMN . These correspond to the gauge group generators X
m and
couple to string winding modes. In generalising to M-theory, these are replaced by vector
fields Cµmn (Cµmn = −Cµnm) arising from the 3-form gauge field CMNP . These are associated
with group generators Xmn = −Xnm and couple to membrane wrapping modes. This gives
a gauge group whose generators include Zm, X
mn, with algebra
[Zm, Zn] = f
p
mnZp −KmnpqXpq
[Xmn, Zp] = 2f
[m
pq X
n]q
[Xmn, Xpq] = 0 (7.1)
where Kmnpq are the constants defining the 4-form flux. This algebra was also found by
[25] for Scherk-Schwarz reductions of 11-dimensional supergravity to 4 dimensions. One
might have expected that the O(d, d) covariance reviewed here would extend to a covariance
under the appropriate U-duality group. However, we find that in general fluxes provide
obstructions to the dualisations needed to bring the theory to a more symmetric form with
U-duality covariance, but nonetheless, an elegant and suggestive structure emerges, with
covariance under the ‘electric subgroup’ of the U-duality group (i.e. the subgroup that can
be realised on the gauge potentials). The details will be given in [42].
The toroidal reduction of the field theory action gives a theory with a rigid O(d, d) duality
symmetry, and the twisted torus reduction with flux gives a theory in which a 2d dimensional
subgroup G2d of O(d, d) is promoted to a gauge group. The gauge fields are in the vector
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representation of O(d, d), so this must become the adjoint of G2d ⊂ O(d, d). If the original
theory is a supergravity theory, the result is a gauged supergravity theory. Consider now
the lifting of this to string theory. The O(d, d) duality symmetry of the toroidal reduction is
broken to the T-duality group O(d, d;Z) yet a subgroup of the continuous group O(d, d) is
meant to be a gauge symmetry. This raises the issue of how the two symmetries are related.
This was addressed in [15], where it was suggested that they were distinct and that there is
an O(d, d;Z)×G2d gauge symmetry. However, we will see that the situation is rather subtle,
and that although they are distinct, they do not commute.
The structure constants tAB
C specify the embedding of G2d ⊂ O(d, d). In the field theory
reduction of section 5, there is covariance under O(d, d) which acts non-trivially on the
structure constants tAB
C , as they transform covariantly. Then an O(d, d) transformation
acts not just on the fields, but on the coupling constants tAB
C and hence changes the form
of the mass terms and potential. The gauge group is still G2d, but after the transformation
it is embedded differently in O(d, d). The new form of the theory is related to the original
one by field redefinitions, so it is physically equivalent. A similar situation was discussed in
[43, 45, 44], where the action of SL(8,R) ⊂ E7 duality symmetries was considered on N = 8
gauged supergravity in D = 4, giving equivalent gaugings (although singular limits gave new
gaugings). Thus there is still an action of the rigid O(d, d), but it does not leave the gauged
theory invariant, but changes it to a physically equivalent theory, with the gauge group G2d
transformed to a conjugate gauge group G2d embedded differently in O(d, d).
In the compactifications of string theory discussed here, there is a G2d gauge symmetry,
but one might expect that the O(d, d) covariance should be broken to a discrete subgroup.
A simple case in which this should happen is that of toroidal reductions with H-flux. The
O(d, d) contains a geometric subgroup GL(d,R)×Rd(d−2)/2, acting through diffeomorphisms
and shifts of the B field, and these are broken to GL(d,Z)×Zd(d−2)/2 by the torus boundary
conditions and the requirement that the quantum theory be invariant under B-shifts. Then
the O(d, d) covariance should be broken to a subgroup containing GL(d,Z)×Zd(d−2)/2, so
that a natural conjecture would be that the theory should have O(d, d;Z) covariance, and this
is precisely what the low-energy field theory suggests. However, the status of the T-duality
transformations in O(d, d;Z) is not clear. The transformation corresponding to T-duality in
one torus direction removes the flux and turns on a twist, giving some structure constants fmnp
and a twisted torus [26, 46]. However, a further T-duality would then take the background
to a non-geometric background [32] and so an understanding of whether the conjecture that
there should be O(d, d;Z) covariance would require a generalisation of the compactifications
considered here to non-geometric backgrounds, and a better understanding of T-duality in
such cases in which the usual rules do not apply. However, our analysis makes it clear that
if there is such a covariance under O(d, d;Z) or some other discrete subgroup of O(d, d), it
would not be a conventional symmetry acting on the fields alone, but must be duality that
acts on the coupling constants tAB
C as well, just as S-duality in N = 4 Yang-Mills acts
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on the coupling constant as well as the fields. The flux and twist then transform into each
other and fit together into an irreducible representation. In particular, the O(d, d) action
does not commute with the gauge symmetry. Similar remarks should apply to the interplay
between gauge symmetry and U-duality in compactifications of M-theory , as we will discuss
elsewhere.
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